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We study the effects of d-polarization functions, centered on the heavy atoms, 
on the SCF molecular electrostatic potentials calculated for some molecules. 
The positions and energies of the minima found are very sensitive to the 
inclusion of polarization functions in the basis set used. The variations depend 
on the heavy atom involved and on the possible anisotropy of its charge 
distribution. These variations are particularly important for second-row atoms. 
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I. Introduction 

It is well established that molecular electrostatic potentials provide a good first- 
order prediction of  molecular reactivity, especially for reactions involving closed- 
shell molecules and ions [1-5]. Recently protonation of open-shell systems has 
been interpreted [6-1 in terms of electrostatic potentials, too. These studies made no 
special point of discussing the influence of the wave function accuracy on the 
shape of molecular electrostatic potentials and on the values of the minima [4, 5-1. 

Ideally, this type of calculation should be carried out with a large basis set, but in 
practice this is only possible for very small molecules. Fortunately, qualitative 
conclusions, of interest from the reactivity point of view, can be drawn even when a 
small basis set is used [4]. Nevertheless, it has been proved that the value of the 
minima depends very strongly on the basis set used to obtain the SCF first-order 
density function. 

In all these calculations only s, and p-type atomic functions, either STO or GTO, 
were used. d-type polarization functions centered on the heavy atoms have been 
included, but only for very few molecules. This is the case of the work done by 
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Arrighini et al. I-7] on the electrostatic potentials of the water molecule or that of 
Perahia et al. 1-8] on the phosphate group. But, to our knowledge, no one has yet 
attempted a systematic study of the influence of  d-type polarization functions on 
molecular electrostatic potentials. 

Such a study is the aim of  this paper. We performed SCF calculations, with 
contracted GTO's for a series of molecules containing first row atoms and one 
molecule containing a second-row atom, where the polarization effects must be 
more important. 

2. Basis Sets and Evaluation of Integrals 

Two basis sets are used for molecules containing first-row atoms: 6-31G and 
6-31G*. The 6-31G basis is a split-valence contracted Gaussian basis developed 
by Hehre et al. [9], and the 6-31 G* basis set [-10] includes six polarization functions 
(x 2, y 2 Z 2 xy, yz, xz) exp ( - ~r 2) added to the previous one, for each heavy atom. 

For molecules containing second-row atoms the bases used are: STO-3G and 
STO-3G*. The first one is a minimal basis set of contracted Gaussians least 
square fitted to STO's. The star means again the addition of a set of six polarization 
functions on the heavy atom. 

We have selected these bases for our study because in this way we can guarantee 
that all the differences observed in the electrostatic potentials calculated, will be 
due exclusively to the influence of the polarization functions. 
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Fig. 1. Electrostatic potential map for H20 (6-31G basis) 
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Fig. 2. Electrostatic potential map for H20 (6-31G* basis) 
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Fig. 3. Electrostatic potential map for H2CO (6-31G basis) 
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The molecules we study are: water, ammonia, formaldehyde, hydrogen fluoride 
and hydrogen chloride. 

The evaluation of the electrostatic potential, qS(ri) at the point ri, requires the 
evaluation of integrals of the form, 

e~(ri) = ~p(r)lr,-- r]-1 dz (1) 

where p(r) is the electron first-order density function. 

There are several ways to evaluate these integrals. They can be even considered as a 
particular case of the nuclear potential integrals involved in any typical SCF 
calculation. 

Srebrenik et al. [11] have proposed an analytical method for the calculation of 
these potentials, based on the solution of the Poisson's equations. They present the 
final expressions for potentials defined in terms of s- and p-type GTO atomic 
functions. 

We have solved that equation for potentials including d-type Gaussian atomic 
functions. This derivation is almost trivial, but we have included the most important 
steps and the final expressions in the Appendix, because this derivation is independ- 
ent on the approximations used to obtain the first-order density function. In 
semiempirical methods the inclusion of polarization functions [12, 13] implies 
only a small increase in calculation time. Most of these methods use a STO's basis 
set, but the expressions from the Appendix can be used if the STO's are expanded 
in terms of GTO's. In fact, some applications of Srebrenik's equations, using the 
results from semiempirical calculations, with s- and p-type atomic orbitals, have 
already been published [11, 14]. 
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Fig. 4. Electrostatic potential map for H2CO (6-31G* basis) 



Influence of Polarization Functions on Molecular Electrostatic Potentials 267 

3. Results and Discussion 

The molecular electrostatic potential maps for water and formaldehyde are 
presented in Figs. 14.  Figs. 1 and 3 refer to results obtained with the 6-31G basis 
set and Figs. 2 and 4 to those using the 6-31 G* basis. The lower part of the figures 
corresponds to the molecular plane (av) and the upper part to a perpendicular 
plane (a'v) containing the molecular axis. Energies are always in kcal/mole. 

For the ammonia molecule the molecular electrostatic potential was evaluated in 
one of the three symmetry planes. The results obtained with both basis sets (6-31G 
and 6-31G*) are plotted in Figs. 5 and 6 respectively. Figs. 7 and 8 show the results 
for hydrogen fluoride. For hydrogen chloride, the results obtained with the 
STO-3G and STO-3G* basis sets are presented in Figs. 9 and 10, respectively. 

All the cases we have studied present some common features. The positions and 
energies of the minima are very dependent on the basis set used. The lower value is 
always the one obtained including polarization functions in the basis set. In 
general, these minima are further from the heavy atom when polarization functions 
are included. The shape of the iso-potential curves, with some exceptions that we 
will discuss later, does not change too much, but the attractive hole is much deeper 
when the basis without polarization features is used. 

In the case of water and formaldehyde, both basis sets predict two minima in the 
a'~ plane, one above and one below the molecular plane; they are due to the two 
lone pairs on the oxygen. For both systems the attractive zone changes considerably 
with the basis set. When polarization functions are included the attractive area 
"encloses" the oxygen atom to a considerable degree, which is not the case with the 
6-31G basis set. At the same time the minima move away from the molecular 
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Fig. 5. Electrostatic potential map for NH a (6-31G basis) 
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Fig. 6. Electrostatic potential map for NHa 
(6-31G* basis) 
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Fig. 7. Electrostatic potential map for FH 
(6-31G basis) 
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Fig. 8. Electrostatic potential map for FH 
(6-31G* basis) 
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Fig. 9. Electrostatic potential map for C1H 
(STO-3G basis) 
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100 

o . E lec t ros ta t ic  po ten t i a l  m a p  for CIH (STO-3G* basis)  

plane when the 6-31G* basis set is used. In the case of ammonia, both basis sets 
predict a single minimum, since the nitrogen atom has only one lone pair. 

For hydrogen fluoride, both bases predict a minimum zone of energy in the shape 
of a ring whose axis is the molecular axis. 

In hydrogen chloride the changes produced by the inclusion of polarization basis 
are more important than in the other molecules studied, where the repulsive areas 
are not very affected by the polarization effects. In the case of hydrogen chloride 
the repulsive area around the chlorine atom increases, while that around the 
hydrogen atom is virtually unchanged. The zero potential tine cuts the molecular 
axis at 4.2 a.u. or at 2.8 a.u. from the chlorine atom when STO-3G* or STO-3G 
bases are used, respectively. A similar effect to that described for water and 
formaldehyde is detected in the attractive zone. The displacement of  the minimum 
is, in this case, particularly large. 

The relative decrease in the energy value of the minima when we include polariza- 
tion functions in the basis set varies for the different molecules and is presented in 
Table 1. 

This decrease depends not only on the heavy atom involved (O, N, F, C1) but also 
on the possible anisotropy caused by its environment. For water the energy lowering 
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Table 1. Energy lowerings (700) due to addition of d-functions 
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Molecule Energy lowering 

H20 27 
H2CO 17 
NH 3 20 
FH 24 
C1H 25 

is larger than for formaldehyde. This can be explained by a greater anisotropy of 
the charge distribution on the oxygen atom which requires stronger polarization 
effects to adequately describe the system. For this reason the influence of polariza- 
tion functions must be greater in this case. 

The inclusion of polarization functions centered on the heavy atoms allows the 
charge distribution to move away from the nucleus on which they are centered [15]. 
This may explain why the minima move away from the heavy atom, in all the cases 
presented here. It seems that the center of the charges may be somewhere in the 
bond and not on the nuclei. This may explain why the potential curves try to 
"enclose" the heavy atom, decreasing the depth of the attractive area. 

From our results we conclude that it is necessary to incorporate polarization 
functions in the basis set used to calculate the molecular electrostatic potentials. It 
is also clear that their contribution is particularly important in the area of the 
minimum. Good results could probably be obtained if the general map is calculated 
without polarization functions and they are used to study in detail the area of the 
minima. 
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4. Appendix 

Analytic solution of the Possion equation for potentials involving d-type Gaussian 
functions. 

We use the equations of Srebrenik et  al.  [-11] for s- and p-GTO's: The Poisson 
equations and its solutions are: 
a) For " s - s "  type potential 

172~b0(r) = - 4n exp( -  ~r 2) (1) 

and 

4~o(r) = (rc/cz)a/2 r -  1 erf(otl/Zr) (2) 
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b) F o r  a " s - p "  type potent ial :  

vZq~l(r) = - 4 r t X  i e x p ( -  er  2) (3) 

r 1 (r) = 7tx/ot 2r 2 ( -  g + f )  (4) 

where 

g = exp( - ar  2) (5) 

and 

fo f =  1/r e x p ( -  0~t 2) dt  (6) 

c) F o r  a "p-p"  type potential  there are two possibilities: 

1) V2(gz(r) = - 4 zcX iX  j e x p ( -  ~r 2) (7) 

where 

~b2(r) = zcxy/2~ 3 r 4 [ 3 f -  (2~r 2 + 3)9] (8) 

for  X ~ = x  and X j = y .  

2) 172~b3(r ) = - 4 n X  2 e x p ( -  ~r 2) (9) 

where 

~b 3 (r) = n/2~ 3 r 4 [(3x 2 _ r 2 + 2ctr 4 ) f _  (3x 2 + 2~r 2x 2 - -  r 2 ) 9 ]  (10 )  

for  the par t icular  case X~ = x. 

Our  equat ions for  " p - d "  potentials are:  

a) V2~b4(r) = - 4 7 r X ~ X j  exp ( - ~ r  2) (11) 

which can be obta ined by deriving Eq. (9) with respect to X~ : 

V2( -  1/2a. 0~b 3/OXj) = - 47~X~X~ exp( - c~r 2) (12) 

Using (11) and (12): 

q~,(r) = - 1/2~. 0r (13) 

and for  Xj = y ,  
cb 4(r) = - y / 2 ~ r  . 0c~ 3 ~Or (14) 

Using now Eq. (10) we obtain:  

qSg(r ) = rcy/4o~4r6[(15x 2 - 3r 2 + 2 ~ * ) f  - (15x 2 - 3r z + lOo~xZr 2 +4o~2xZr4)9 ] 

(15) 

The  same result can be obta ined by differentiating Eq. (7) with respect to X~. 

b) V z c~ 5 (r) = - 4 n X  i X j  X k exp( - ~r z ) (16) 

By differentiating Eq. (7) with respect to X k we obta in:  

~bs(r ) = ~xyz /4o~4r6[15 f  - (15 + 10czr 2 + 4~xZr4)9 ] (17) 
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C) V2t~6(r)= -4~X~ e x p ( - ~ r  2) (18) 

Differentiat ing Eq. (9) with respect to X~ yields, for  X~ = x:  

~b6(r ) = 7z/4ct4r 6 [(15x 3 - 9xr 2 + 6 ~ x r 4 ) f  - (15x 3 _ 9xr 2 + 10ctx 3r2 4-4~2x3r4)9] 
(19) 

When  the potent ia l  is given by the produc t  o f  two d-functions there are four  
possibilities : 

a) 172q~v(r ) = - 4zcxiZ XaXk exp(--  ~r 2) (20) 

The  solut ion can be found  by differentiating Eq. (11) with respect to X k (or by 
differentiating Eq.  (16) with respect to X~) : 

c~ 7 (r) = 7~yz/8c~ 5 r s [(105x 2 _ 15r z + 6~r 4 ) f -  (105x e _ 15r 2 _ 4~r 4 + 70ctx 2re 
4- 28ct 2x 2r 4 + 8~3x 3r 6)ff] (21) 

b) VZ~bs(r) = - 4r~X3X~ e x p ( -  ~r z) (22) 

By differentiating Eq. (18) with respect to Xj (or  Eq. (11) with respect to Xi) and for  
X i = x  ~tnd X j = y ,  we obtain:  

q58(r ) = ~y/Sc~Sr s [(105x 3 _ 45xr 2 + 1 8 ~ x r 4 f ) -  (105x 3 _ 45xr 2 _ 12~xr �9 
+ 70~x 3r2 + 28ctZx 3r4 + 8~ 3x 3r6)ff] (23) 

C) V2~b9(r) = - 4 n X 2 X  2 exp( - ar  2) (24) 

Different iat ion o f  Eq. (1 I) with respect to  Xj (for X i = x  and X j = y )  yields 

q~9(r) = 72/8~5 r 8 [-(105x Zy2 __ 15r2y 2 + 6~r4y 2 -- 15r2x 2 4- 6~r4x 2 4_ 3r 4 
--4~r6 +4o~2rS)f--(lO5xZy 2 -  15rZyZ--4~r4y 2 -  15rZx 2 (25) 
_ 4ccr,~x 2 ~._ 70~x eyerZ + 28~2x 2yZr4 + 8~3x 2yZr6 + 3r 4 - 2c~r 6)9 ] 

d) gzq~io(r)= - 4 ~ X ~  e x p ( - e r  2) (26) 

Different iat ion o f  Eq.  (18) with respect to X i (for X i = x) leads to:  

(alo(r) = ~z/8ctSr 8 [-(105x 4 - 90x 2r2 + 36ctxar 4 + 9r 4 - 12~r 6 + 12~er s ) f  
- (105x 4 _ 90x 2r2 + 70~x% 2 - 24ctx 2r4 + 9r 4 + 28ct2x% 4 
+ 8~3x 4 r 6 _ 6c~r 6)g].  (27) 

We have not  presented the solutions for  potentials  involving "s -d"  products;  
because the corresponding equat ions are entirely similar to those for "p-p" 
products .  We want  to  point  out  that  the expressions presented here correspond to 
the six polar izat ion funct ions ment ioned  in Sect. 2 o f  this paper.  These  expressions 
can be easily t ransformed to those in terms o f  the given d-functions:  (3z e -  r 2, 
xg, yz,  xy ,  X 2 _ y 2 )  e x p ( - ~ r 2 ) .  
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